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Abstract

Hill estimator, based on the order statistics, is one of the most widely used tools for determining the thickness parameter (tail index) of 2-parameter Pareto distribution heavy tails. Distribution tails are of paramount importance for engineering design and reliability assessments. In practical applications, however, the Hill estimator has to be modified to incorporate at least shift and scale parameters, as the original estimator is not shift and scale invariant. In practical engineering applications, however, distribution tails are not fat (heavy, thick), but instead thin, e.g., Weibull type. Fortunately, the Hill-type estimator can be modified to serve Weibull-type distributions. 
This study addresses novel 4-parameter Weibull distribution, which extends classic 2-parameter Weibull distribution. The primary challenge is that computational efforts, prediction inaccuracies and numerical instabilities increase with an increase of number of distribution parameters. Previously Levenberg-Marquardt Least-Squares (LMLS) optimization scheme was adopted to assess four parameters of the 4-parameter Weibull-type distribution. However, LMLS optimization proved to be often numerically unstable, lacking convergence criteria. This study presents a novel Maximum Likelihood Estimator (conditional MLE) based estimator, as a step forward in both parameter convergence and most importantly, answering the main designer question: does the selected distribution model fit underlying data at all. Renewable energy application (offshore wind speeds dynamics) was chosen to benchmark and validate proposed methodology.
Novelty: presented study for the first time formulates semi-analytical solution for the 4-parameter Weibull distribution. 
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Nomenclature
CI – Confidence Intervals
MLE– Maximum Likelihood Estimator
LMLS – Levenberg-Marquardt Least-Squares
PDF – Probability Density Function
CDF – Cumulative Distribution (Function)
EVT – Extreme Value Theory
GEV – Generalized Extreme Value (distribution) 
GP – Generalized Pareto (distribution)
POT – Peaks Over the Threshold (distribution)

1. Introduction

EVT is extensively used in various branches of engineering and design. In most practical applications, the underlying dataset size is limited and thus distribution tail extrapolation is required to assess design probabilities of the small order of magnitude. The original 2-parameter Weibull distribution can be upgraded to a 3-parameter version, incorporating shift parameters. This study addresses the issue of extreme value prediction for varying return periods, using medium-scale dataset by proposing: 
a) introduction of 4-parameter Weibull distribution, extending classic 2-parameter Weibull distribution,
b) semi-analytical solution for the distribution model parameters.
The Hill-type estimator is first presented to objectively assess the tail behavior of the data.  Tail behavior analysis is conducted on sample data from several common distribution functions.  Additionally, tail estimator extrapolation is conducted in scenarios when the estimate fails to converge, enhancing the engineering utility of the proposed technique.  The suggested method's extreme value prediction performance is compared with traditional extreme value prediction techniques based on a variety of numerical and engineering examples.  The findings indicate that the proposed model parameters assessment method offers valuable insights for the extreme value analysis of maritime environmental loads and structural dynamics.  
The Weibull PDF class offers a flexible probability distribution type, commonly utilized in design and engineering, notably within reliability engineering and failure analysis, for predicting the lifespan of components and systems, [1], [2]. It's also employed in other sectors including material science, quality control, and even weather forecasting. Because of its adaptability to different failure patterns, the distribution is a useful tool for assessing and forecasting processes' dynamic reliability. It is hard to overestimate the practical engineering benefits of Weibull-type distributions. The challenge with the original 2-parameter Weibull-type distribution is that similar to the 2-parameter Pareto Distribution (PD), although the scale-invariant 2-parameter Weibull distribution incorporates scale shape parameters, it is still missing shift parameter and it is not shift invariant. For most engineering and design applications fitting distribution with only three parameters does not offer sufficient flexibility, i.e., often does not fit underlying raw data. Here's a breakdown of key engineering applications: 
· Reliability Analysis: The Weibull distribution is crucial in reliability engineering for assessing failure data and estimating the lifespan of components. Reliability objectives, maintenance schedules, and failure rates are all estimated using it. 
· Failure and Survival Analysis: Engineers may learn more about the causes underlying failures and pinpoint places where the design or manufacturing process needs to be improved by comprehending the shape parameter of the Weibull-type distribution. 
· Lifetime Analysis: Variety of engineering components, e.g., vacuum tubes, capacitors, ball bearings, material strength prognostics, may have their lifetimes modelled using the Weibull distribution. 
· Structural health monitoring: The Weibull distribution aids in monitoring manufacturing operations, assessing warranty claims, and enhancing quality control systems. 
· Fatigue damage assessment: The Weibull distribution is a widely utilized statistical model for assessing fatigue damage and endurance life for a wide range of materials and engineering devices.
· Aerospace and Automotive: It's utilized in these sectors to model the lifespan of aircraft parts, vehicle components, and other key dynamic systems. 
· Electronics Manufacturing: The failure rates of electronic systems and components are examined using the Weibull distribution. 
· Additional Uses: Beyond these fundamental domains, the Weibull distribution is used in industrial engineering (e.g., production and delivery times), electrical engineering (e.g., modelling overvoltage), biomedical engineering, bioinformatics, meteorology, hydrology and many more. 
Since the Weibull-type distribution is theoretically derived from a smallest extreme value PDF, it naturally provides an efficient model for the weakest-link reliability applications e.g., ball bearings, capacitors, relays, material strength failures, etc. While theoretical depth of probability theory and statistics continues to grow, discovery of novel, yet more flexible distributions giving vital support for data fitting in everyday life and real-world production. The Weibull distribution is widely used in survival analysis and reliability engineering to model the lifespan distribution of different mechanical components, including computed tomography equipment, wind turbines, and aircraft door lock mechanisms, see [3], where authors discuss Weibull distribution with interval-censored data. Material science, physics, engineering, chemistry, meteorology, bio-medical applications, pharmacology, economics, business and finance, quality control, geology, geography, biology, are just a few of the many disciplines that use it. For an overview on extended forms of Weibull distribution see [4]. For power density method to estimate 2-parameter Weibull parameters for wind energy applications see [5], note that the latter study on 2-parameter Weibull model parameter assessment relied on the whole distribution fit, while in this work authors advocate more realistic scenario, that is:
I. 4-parameter Weibull model has a priori more flexibility than 2 or 3-parameter Weibull.
II. Only distribution tail may exhibit Weibull-like asymptotic features, not the whole distribution.  
Weibull distribution’s parameters inference is commonly carried out through LMLS and conditional MLE, it is well established that LMLS and conditional MLE estimates of the shape parameter may be inadequate due to associated large bias in case the underlying sample size is small. Since this study is pioneering for the 4-parameter Weibull distributions, it is assumed that the sample size is representative (large enough). Future studies to address dataset size effects, e.g., censored data approach, [6]. For comprehensive review on modern reliability methods within energy harvesting see [7]. From the management standpoint, this study advocates roust, novel approach for structural lifetime prognostics, and thus related to economic viability. For recent Monte Carlo Simulation (MCS) based solutions of the time-variant system reliability problems see [8].
There exist several versions of the 4-parameter Weibull distribution, see e.g., [9] for fatigue curve fitting, [10] for twice-curved Weibull plots, four-parameter Harris extended Weibull distribution, [11], so-called the Weibull Weibull distribution, [12], transmuted exponentiated generalized Weibull, [13], four-parameter Weibull-Logistic Distribution, [14], – however, those are different from the one, proposed in this study (Gaidai-Næss version, [15]), which is specifically tailored for distribution tails extrapolation.

1.1 Application to multidimensional dynamic control
A structure's incapacity to satisfy specified functional requirements is frequently referred to as its failure. As a result, the term "structural failure" refers to a wide range of events, such as loss of stability, high response levels in displacements, velocities, and accelerations, as well as plastic deformations or fractures brought on by overload or fatigue. The consequences of different types of failures also differ greatly. The breakdown of a single sub-component does not always mean that the structure as a whole can no longer withstand the applied loads. A complete and catastrophic structural collapse frequently follows an abrupt loss of stability. Nonlinear sequence of unfavorable events can potentially lead to failure, possibly as a result of a mix of internal defects and unlikely external or human-caused events. The minimization of goal functions, also known as loss functions, is a common foundation for control systems; the kind of objective function depends on the particular control algorithm used. Loss functions are frequently expressed in terms of the expenses associated with response and control processes. Seldom are structural dependability criteria and the associated consequences of structural failure taken into account. The failure of a structural multidimensional system may be explicitly set as the objective function's equivalent, which serves as input for real-time control algorithms that can be classified as either online or pre-calibrated, [16].

1.2 Research gap 
Research gap can be summarized as follows: recent years have seen significant progress in data-driven artificial intelligence techniques for uncertainty quantification, [17]; physics-based frameworks for multi-failure-mode system reliability and optimal design, both at the sample level and at the probability density level, [18];  approaches that integrate uncertainty quantification with increasingly refined deterministic models and rich monitoring datasets, [19]; Those above-mentioned approaches are, however, mostly suitable for numerical MCS models, where multivariate system dynamics can be simulated in a certain way, thus improving the underlying data sample. Existing reliability methods, except for Monte Carlo-based methods, are limited in dimensionality. In case when only measured data is available, i.e., only a single data sample at hand, it is impossible to use popular Monte Carlo-based techniques, e.g., importance sampling, as the underlying dataset cannot be resampled. In the latter case, the proposed novel reliability approach provides the designer with a robust and unparalleled solution. 
As the tail marker (index) for each extrapolation scheme represents its Achilles heel, it is of paramount importance to have its optimal estimate before any extrapolation is actually carried out.

2. Method

This Section outlines the evolution from the classic 2-parameter Weibull distribution towards the 4-parameter version. Next, the conditional MLE parameter inference scheme will be derived semi-analytically. LMLS optimization procedure will be briefly outlined, along with Confidence Intervals (CI) estimation. The Hill-type estimator is first presented to objectively assess the distribution tail behavior. Next, the 4-parameter Weibull-type distribution will be studied in detail. The suggested multimodal survival assessment scheme offers a consistent solution to data de-clustering, for alternative statistical techniques to account for the clustering effects see [20].
 
2.1 Modified four-parameter Weibull-type fit scheme
First, modified (the 4-parameter) Weibull-type distribution tail extrapolation (fit) scheme to be briefly described, constituting a straightforward extension of 3-parameter Weibull distribution, [21]. For alternative approaches, extending classic 2-parameter Weibull model, see exponentiated Weibull distribution with 3  parameters  (1  scale  and  2  shape) see [22], see also [23]. In the following, a brief overview of the 3-parameter Weibull type is provided. In many practical engineering and design cases Weibull-type distribution is widely preferred, as it offers better data fit than e.g., Generalized Pareto (GP), [24], along with associated Peaks Over the Threshold (POT), Gumbel or exponential-type PDFs. The 3-parameter Weibull CDF may be represented as
                                                                                                              (1A)
having as the model parameters representing form, size, minimal lifetime (or location), . Typically referred  to as threshold within lifetime data analysis, or guarantee time parameter,  represents the time interval between damages (or failures). Modified (i.e., 4-parameter) Weibull-type Cumulative Distribution Function (CDF), may be built using adding one extra parameter  to original 3-parameter Weibull-type distribution in Eq. (1A)
                                                                                                       (2A)
with . Weibull-type CDF (or PDF) is widely acknowledged as the preferred convenient choice for reliability assessment of a wide range of structural dynamic systems, subjected to environmental loadings. The CDF, given by Eq. (2A), represents modified (the 4-parameter) Weibull distribution, [26]-[32]. It will be shown that 4-parameter Weibull distribution typically serves as a trustworthy extrapolation tool for a variety of empirical distribution tails, suitable for a wide range of design and engineering applications. Relying solely on existing theoretical approaches for evaluating system reliability, hazards, damage, and failure risks based on asymptotic EVT can lead to no non-conservative design estimates. In most engineering applications, wave heights and wind speeds are assumed to follow quasi-homogeneous, piecewise ergodic random or stochastic processes in the short term. Hence presented study will utilize the stationarity assumption, as well as it will depart from asymptotic EVT limitations. For nonstationary stochastic processes, the underlying trend has to be first identified. Fortunately, there exists quite large research body on trend identification, [33]. 

2.2 Heavy tail case, shifted Hill estimator, order statistics
Hill’s tail estimator is based on conditional MLE for PD  given suitable tail marker . Hill estimator can be applied to a variety of so-called "heavy tail" distributions, e.g., type II Extreme Value Distributions (EVD) with PD tails. Hill’s estimator is more robust than a conditional MLE based on an entire distribution, as it only utilizes a distributional tail, not the entire distribution. In practice Hill tail estimator however is of limited use: Hill tail estimator being scale-invariant, i.e., data multiplicative factor does not affect its estimate, however, it is not shift-invariant, i.e., additive data shift will distort its estimate. In [25] authors extended Hill’s estimator by including data shift, utilizing conditional MLE for a shifted PD  resulting in estimates for parameters , ,  with the resulting estimator being both shift as well as scale invariant. The idea is to estimate unknown parameters  by a conditional MLE based on  largest order statistics, representing only a tail’s fragment where the Power Law (linked to PD) approximation holds. In practical applications one should select  as large as possible, yet small enough so that the largest  order statistics will lie within the distributional tail fragment, where this approximation holds. Shifted Hill estimator being conditional MLE for the parameters  of the shifted PD with CDF given by
                                      ,                                           (1B)
based on largest  order statistics. Given a data set  the order statistics is denoted as . As shown in [25]
                                                                    (2B)
                                                                                                                                    (3B)
with  satisfying equation
                              ,                    (4B)
The conditional MLE can also be obtained, utilizing Joint Probability Density Function (JPDF) of the order statistics. Note that expressions for  and  being the same as for the classic Hill’s estimator, once the underlying dataset is shifted by . Thus, any implementation of Hill’s estimator may be utilized, once an estimate of the true shift is obtained. Proof of the original Hill’s estimator requires ordering . Various refinements of Hill’s estimator were suggested to improve  estimate, see [91], [97]. These refinements may also be applied to the shifted Hill’s estimator, and we believe that the resulting improvements would make a worthwhile subject for further research. For variance estimation of the Hill-type estimator see [98], for the Zipf estimator see [95], where authors have modified the classical Hill-type estimator by introducing specific weight function, yielding improved results in terms of mean square error and bias.

2.3 Four-parameter Weibull estimator
This Section presents a semi-analytical conditional MLE solution for the 4-parameter Weibull distribution with complimentary CDF  equivalent to Eq. (2A) given by: 
                                                                                                         (1C)
Having 4 unknown parameters  with  representing shift,  representing scaling,  representing shape parameter (also called "tail index"), controlling thickness of the right-hand distribution tail and  representing proportionality coefficient, [95]. 

                                       ,                                     (2C)


                                                                                                                    (3C)

                                                                                           (4C)

       (5C)

                                                                                            (6C)
Finally, remaining two parameters  are expressed implicitly as solution of the following two-equations, two-unknowns system:  

                           (7C)

2.4 Semi-analytical solution and model fitness diagnostics
Proposed model fitness criteria and optimal model parameters estimate:
· If two equations, two unknowns system (7C) does not have a solution, then the 4-parameter Weibull can be considered as either unfit, or only approximately fit,
· In the case of absence of an exact solution of the system (7C), the proposed approximate solution, given by the following Eq. (8C): 
                                                                                       (8C)
with  denoting vector-norm.

2.5 Extrapolation scheme
Eqs. (1C)-(7C) present complete semi-analytical MLE solution, with system (7C) of two equations constituting its most important part. In the next, the LMLS procedure is briefly outlined. Note that in this study LMLS is needed only for novel estimator cross-validation, [34]-[40].  
For  PDF’s tails are expected to exhibit behavior analogous to an exponential function  having  being 4 unknown constants, optimally fitted, provided suitable PDF tail cut-on threshold 
                                                                        (8C)
By graphing the function  vs , a very similar PDF’s tail behavior is frequently observed, [41]-[48]. Standardization at a logarithmic level may be advantageous by reducing the value of the error function  concerning 4 unknown parameters
                        (9C)
provided  is an appropriate cut-off value, specifically the maximum -parameter values at which the breadth of 95% CI remains appropriate, [49]-[56]. Optimal values of the four parameters  may be evaluated using Sequential Quadratic Programming (SQP) sub-routine, which is included within the Numerical Algorithm Group (NAG) package, [57]. Weight-function  can be defined as having  as 95% CI, empirically assessed from the underlying MCS (or measured) dataset. Next, the p-% CI of is as follows 
                                                                                                 (10C)
with  estimated based on reverse Gaussian-class PDF, with N = total number of discrete data points, contained in the underlying dataset, [58]-[65].

[bookmark: _Hlk192726062]3. Results
This Section presents benchmarking results for the above-introduced semi-analytical MLE solution for 4-parameter Weibull PDF parameters inference, [66]-[74]. First, synthetic data, generated from exact 4-parameter Weibull distribution will be analyzed. Second, raw (unfiltered) measured wind speed data will be studied. 

3.1 Synthetic example
To generate a representative synthetic dataset,  independent data points were generated, based on exact 4-parameter Weibull , i.e., . As seen from Figure 1 left, conditional MLE yielded a very accurate, unique solution, located at the cross-section between two zero-level contour lines, defined by the system (7C), deviating less than 3% from the exact one. Figure 1 presents the solution of the system of two equations (7C), with respect to the two unknown parameters . Two lines, depicted in Figure 1 correspond to two contour (zero-level) lines, determined by two system (7C) equations respectively.   
[image: ][image: ]
[bookmark: _Ref196681446]Figure 1 Solution of the system (7C) for: Left: synthetic data. Right: measured data.
It is seen from Figure 1 that synthetic data yields a unique solution, close to exact one , while measured data does not yield any solution, indicating that underlying raw wind speed data does not belong to a 4-parameter Weibull distribution class, hence only approximated solution can be suggested. In this study in case when there is no solution of system (7C), the approximated solution is defined as bivariate point , corresponding to the absolute minimum of the distance between two contour lines, determined by two system (7C) equations respectively.         

3.2 Measured wind speeds
In this Section, the conditional MLE estimator, presented above, is to be cross-validated versus LMLS one, given by Eq. (9C), [75]-[80]. Measured wind speeds during years 2020-2024 were utilized, based on publicly available Norwegian Meteorological Institute (NMI) data, [81]. Hourly maximum wind speeds were measured by Sula meteorological station, located in Frøya, Trøndelag, Norway, with elevation 5 m above ground, see Figure 2 a).
a)
[image: Picture background]
[bookmark: _Ref196683266]
b)
[image: ]
[bookmark: _Ref197168729]Figure 2 a) Meteorological station; b) Actual measured daily wind speeds maxima in m/s, Sula station, [81].
Figure 2 b) presents in-situ continuously measured daily wind speeds maxima in m/s, Sula station (Norway) between years 2021 and 2025.
[image: ] [image: ]
[bookmark: _Ref196679780]Figure 3 Left: Autonomous meteorological station. Right: Sula Meteorological station, Norway.

[image: ]
[bookmark: _Ref196682938]Figure 4 Comparison between conditional MLE (yellow star) and LMLS (red star) fit. 2 red lines indicate 95% CI. Wind speeds (m/s) on x-axis.
It is seen from Figure 4 that the proposed novel estimator delivers although similar, yet more conservative solution, as compared with the LMLS one, [82]-[88].  Failure probability , indicated on the vertical axis in Figure 4 is equivalent to  on the decimal logarithmic scale,  [89]-[94]. Horizontal axis in Figure 4 indicates hourly maximum wind speeds  measured full scale in m/s.

3.3 Results verification
I. Data-based verification: the underlying dataset was reduced 10-fold by retaining only each 10th consecutive data point within a multidimensional timeseries dataset. Forecasts, based on the reduced dataset, were found to lie within 95% CI, estimated from the full dataset.
II. Method-based verification: following  Figure 4, the forecast, based on the proposed MLE methodology, was an LMLS 4-parameter Weibull extrapolation scheme, which was found to lie within 95% CI, estimated from the full dataset. 
Variance-based sensitivity analysis (Sobol’ indices) can be incorporated, especially if the underlying dataset is of limited size.

4. Discussion
One of the key issues when analyzing raw data, apart from the numerical stability of the final solution, is the question: Does the selected parametric distribution fit the examined distribution tail? Unlike LMLS, the proposed conditional MLE semi-analytic solution can partially answer the latter question. Specifically, the proposed conditional MLE semi-analytic solution is based on order statistics. Table 1 outlines the primary advantages of the proposed novel estimator for the 4-parameter Weibull distribution, [95]-[101]. 
[bookmark: _Ref144320803]Table 1. Conditional MLE novel estimator benefits.
	
	MLE novel estimator
	LMLS estimator

	Capability to answer the primary question: does the model fit to data?
	Yes
	No

	Numerical stability of 4 inferred model parameters 
	Stable
	Partially unstable

	Potential for improvements
	Wide
	Limited



In the following key practical engineering and design aspect of the proposed estimator are summarized.
Key takeaway points:
· Evaluating how well the proposed novel estimator answers the key design question: Does the selected distribution model fit the data?
· Comparing the numerical robustness of the novel estimator with the existing LMLS optimization method.
· Highlighting the practical significance of the new estimator in engineering applications.
Key Observations:
1. Model Fit Capability
· Conditional MLE (novel estimator) can assess model fit by checking if a unique solution exists for its system of nonlinear equations.
· This feature is absent in the traditional LMLS method, which lacks a built-in mechanism to assess fit quality.
2. Numerical Stability
· The novel estimator is shown to be numerically stable even with four parameters.
· By contrast, the LMLS approach can be numerically unstable, especially in complex distributions.
3. Comparison Table Summary (Table 1)
· Model Fit: novel estimator – Yes; LMLS – No.
· Numerical Stability: proposed estimator – Stable; LMLS – Partially unstable.
· Improvement Potential: proposed estimator – Wide; LMLS – Limited.
Implications:
· The novel estimator introduces a semi-analytical solution that’s not only robust but also allows engineers to evaluate the suitability of the parametric model to their data.
· This makes it particularly useful in critical reliability contexts such as aerospace, offshore wind, and marine structures where model validation is crucial.
Finally, it should be emphasized that model validation and numerical robustness are as critical as accuracy in parameter estimation. The novel estimator provides a more physically consistent and conservative approach than traditional methods, which could translate to safer design margins in engineering applications. Proposed 4-parameter Weibull model parameters assessment methodology and presented results indicate that the suggested approach exhibits robustness and numerical stability in predicting failure (first passage) probabilities for thin-tailed distributions.
In addition to the optimization scheme, given by Eq. (8C), statistical goodness-of-fit tests (e.g., Kolmogorov-Smirnov or Anderson-Darling) can be utilized to quantify how well the 4-parameter model fits the raw data compared to 2- or 3-parameter Weibull variants, [102], [103].

5. Conclusions 
[bookmark: _Hlk175961152]
EVT constitutes a crucial topic within the statistics of extremes in applied research, is extensively used in wide range of applications, to name some: aerospace, ocean, biomedical, maritime engineering. Semi-analytical solution (novel estimator) is presented for the 4-parameter Weibull distribution. Accurate, robust, yet numerically stable estimators are of paramount importance for engineering and design within any branch of modern science, hence the importance of the development of novel estimators is hard to overestimate. To mention just a few engineering fields where Weibull parametric models are vital: aerospace and automotive, offshore, naval and ocean engineering, and biomedical engineering. Any structural reliability application utilizing a certain parametric model, describing underlying distribution.
The presented conditional MLE estimator was benchmarked for both synthetic and raw measured (wind speed) data and then cross-validated versus the existing LMLS optimization method. Advocated conditional MLE novel estimator delivered more numerically stable, more physically consistent, and more conservative estimates. Most importantly, the presented MLE semi-analytical solution was able to answer the critical design question: does underlying data really fit the chosen parametric distribution (model)? The answer lies within the existence or absence of a unique solution to the presented system of two nonlinear equations. In comparison to the classic 2-parameter Weibull extrapolation scheme, the proposed 4-parameter Weibull extrapolation scheme, presented in this study, demonstrated superior flexibility, accuracy and stability in extreme value predictions, with prediction errors that were more aligned with engineering and design requirements. Robust way of model fitness and optimal model parameters estimation method have been presented in detail.
The key merit of the presented conditional MLE estimator is that it is open for a wide range of improvements, e.g., censored data approach, improving estimator numerical stability, accuracy etc., as it exists a large research body on those matters, as opposed to existing LMLS optimization that is has very limited further improvement potential. Future studies to extend benchmarking of novel estimator to a wider range of underlying dynamic systems, arising from contemporary engineering and design problems. Moreover, the numerical stability of the final estimates is to be steadily enhanced. 
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